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The structure of graphene was understood and the eigenvalue problem for graphene was solved.

1 Graphene Structure

If we label a particular lattice site with position vector n⃗, then a adjacent lattice point will be
labelled by n⃗+ m⃗.
Then, the Hamiltonian will be written as:

H = −γ
∑
n⃗,m⃗

[c†n⃗cn⃗+m⃗ + c†n⃗+m⃗cn⃗] (1)

In general, we ca define a creation operator c†m⃗,σ which creates one electron at site m with spin σ.
The creation and annhilation operators satisfy the following anticommutator relations:

{cm⃗,σ, cn⃗,σ′} = 0 (2)

{cm⃗,σ, c
†
n⃗,σ′} = δmnδσσ

′ (3)

1.1 Triangular Lattice
Clearly, graphene structure is not a Bravais lattice but is actually a honeycomb lattice. The
graphene structure can be thought of as a triangular lattice with a basis. Equivalently, we con-
sider a unit cell containing two atoms as shown in the diagram. The two atom sites in the unit cell
can e labelled by A and B.
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The spanning vectors of this lattice can be written in terms of two lattice translational vectors,
let’s call them m⃗1 and m⃗2. Then,

m⃗1 =
√
3dx̂ (4)

m⃗2 =

√
3

2
dx̂+

3

2
dŷ (5)

Correspodningly, we can define reciprocal lattice vectors which satisfy m⃗i.G⃗j = δij2π:

G⃗1 =
2π√
3d
x̂− 2π

3d
ŷ (6)

G⃗2 =
4π

3d
ŷ (7)

2 States and Energies
Since, we are now in two-dimensions, we will need two components of wave vector to label elec-
tron states. Thus we can write an electron state as:

|⃗k⟩ = |kx, ky⟩ =
∑
nx,ny

[|A(Gx, Gy⟩+ |B(Gx, Gy⟩]e(kxnx+kyny)d (8)

where, |A⟩ and |B⟩ refer to the state of an electron to be at lattice site A and B respectively:

|A(nx, ny)⟩ = |α⟩ e(kxnx+kyny)d (9)

|B(nx, ny)⟩ = |β⟩ e(kxnx+kyny)d (10)

Next, we can label particular lattice sites with indices nx and ny as shown below.
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Just like in the SSH model we can act the Hamiltonian on these states to get the following
equations:

E |α⟩ = −γ |β⟩ − γ |β⟩ eikyd − γ |β⟩ e−ikxd+ikyd (11)

E |β⟩ = −γ |α⟩ − γ |α⟩ eikyd − γ |β⟩ eikxd−ikyd (12)(
0 −γ − γeikyd − γe−ikxd+ikyd

−γ − γe−ikyd − γe−ikxd−ikyd 0

)(
α
β

)
= E

(
α
β

)
(13)

Eigenvalues of
(
0 c
c∗ 0

)
= λ± |c|

λ = ±(γ2 + γ2eikyd + γ2e−ikxd+ikyd + γ2e−ikyd + γ2e−ikxd + γ2eikxd−ikyd + γ2eikxd +mγ2)
1
2

= ±(3γ2 + 2cos(kyd) + 2γ2cos(kxd) + 2γ2cos(kxd− kyd))
1
2

λ = ±|γ|(3 + 2cos(kyd) + 2cos(kxd) + 2cos(kxd− kyd))
1
2

Energies:

E = ±|γ + γeikyd + γeikxd+ikyd| (14)

= γ|1 + eikyd + e−ikxd| (15)
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Translational vectors: n⃗ = nxm⃗1 + nym⃗2

Wave vector: k⃗ = kxG⃗1 + kyG⃗2

k⃗ · n⃗ = kxnx + kyny

Points where energy is zero are:
(

4π
3
√
3d
, 0
)

and
(

−4π
3
√
3d
, 0
)

in the x̂, ŷ basis.

k⃗ =

(
4π

3
√
3d
, 0

)
+ (δkx, δky) → k valley

k⃗′ =

(
−4π

3
√
3d
, 0

)
+ (δkx, δky) → k’ valley

Near a k valley: H =
3γd

2
(δkxσ

x + δkyσ
y) (16)

=
3γd

2

(
0 δkx − iδky

δkx + iδky 0

)
(17)

Near a k’ valley: H =
3γd

2
(−δkxσx + δkyσ

y) (18)

=
3γd

2

(
0 δ − kx − iδky

δ − kx + iδky 0

)
(19)

So,we write the state as:

ψ(nx, ny) = eik⃗0·n⃗ψk(nx, ny) + e−ik⃗0·n⃗ψk′(nx, ny) (20)
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where,

ψk → ei(δkxx̂+δky ŷ)·n⃗
(
α
β

)
The above state satisfies:

H =
3γd

2

(
σx

(
−i d
dx

)
+ σy

(
−i d
dy

))
(21)

The energy dispersion near a valley is of the form:

E = ±

√(
3γd

2

) 1
2 (
δk2x + δk2y

)
(22)

In one dimension, the Dirac equation for this system will be written as:

iℏ
∂ψ

∂t
=

[
ℏv

(
−i ∂
∂x

)
σz + V (x)

]
ψ = Eψ (23)
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